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This paper presents the annotated result of the modeling and verification of a generic slung-load system using a

small-scale helicopter. Themodel is intended for use in simulation, pilot training, estimation, and control. Themodel

is derived using a redundant coordinate formulation based on Gauss’s Principle of Least Constraint using the

Udwadia–Kalaba equation and can be used to model all body-to-body slung-load suspension types. The model

provides intuitive and easy-to-use means of modeling and simulating different slung-load suspension types. It

includes detection of, and response to, wire slackening and tightening, as well as aerodynamic coupling between the

helicopter and the load. Furthermore, it is shown how the model can be easily used for multilift systems, either with

multiple helicopters or multiple loads. A numerical stabilization algorithm is introduced, and, finally, the use of the

model is illustrated through simulations and flight verifications.

Nomenclature

A = Jacobian of the constraint function
a = translational acceleration vector
b = acceleration independent part of constraint function
cd = numerical correction damper constant
D = area
F = force vector
g = constraint equation
I = inertia tensor
J = impulse
ks = numerical correction spring constant
L = wire vector
M = generalized mass matrix (positive symmetric definite)
m = mass
N = normalized wire vector
Q = generalized forces
q = generalized coordinates
R = position vector, � x y z �T
R = rotor radius
T�b = mapping of angular rates to Euler velocities
Tbe = transformation matrix from e to b
v = translational velocity vector
vw = induced inflow
W = length of taut wire
�w = wake-skew angle
_x = time derivative of the vector x
~x = skew symmetric matrix used for cross-product

operation with the vector x
� = angular acceleration vector
� = drag coefficient
� = Euler angle collection, �� �  �T
� = induced inflow ratio
� = rotor advance ratio
� = torque vector
! = angular velocity vector

Subscripts

b = general body coordinate system
c = constrained
e = Earth-fixed coordinate system
h = helicopter body coordinate system
i = wire number
j = helicopter number, in multilift systems
l = load body coordinate system
m = number of constraints
n = number of system coordinates
u = unconstrained
w = wake
1 = before wire tightening
2 = after wire tightening

I. Introduction

H ELICOPTERS carrying external suspended loads (underslung
loads) have been the focus of significant interest in the

aerospace research community for the last 40 years due to the
inherent stability problems from which such systems suffer [1–5].
Most of the research has been focused on stability analysis to
determine favorable system parameters like wire lengths, helicopter/
load mass ratios, etc., as well as designing stability augmenting
techniques for slung-load systems. Most models developed in this
research have been simple and situation specific and, although a
small number of publications have been focused on more general
models suited for both simulation and control, this is not a thoroughly
researched field. The main contribution of this paper is to present a
new approach to modeling a generic slung-load system that is able to
handle both multilift systems and wire slackening and tightening.

The specific focus for the model is simple simulation, online
estimation, and controller design, and it is derived using a redundant
coordinate formulation. This means that the two-body problem is
treated as a 12 degree-of-freedom (DOF) setup and constraints
imposed by the wires are modeled as forces. Wires are modeled as
inelastic, as opposed to elastic. This is due to the fact that this project
is on small unmanned aerial vehicle (UAV) systems with low mass,
where the wires used are stiff compared to the situation with full-
scale systems, where it is often necessary to consider wire elasticity.

The derivation of the model is based on Gauss’s Principle of Least
Constraint using the Udwadia–Kalaba equation, which is a recently
developed approach for modeling constrained dynamical systems.
The derivedmodel is simple and intuitive, and it is capable of directly
modeling all body-to-body slung-load suspension types like the
inverted-V system. For suspension systems where wires are not
body-to-body, like the inverted-Y and systems with spreader bars,
the model can handle these by introducing small masses in the wire
connections.
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It should be noted that two different modeling approaches exist: a
minimal and a redundant formulation. A minimal formulation
describes the problem in terms of degrees of freedom and generalized
coordinates. This leads to a minimal set of equations that does not
reveal the constraint forces. The redundant formulation, on the other
hand, expresses the system in terms of redundant coordinates and
constraint forces.

The redundant formulation is used in this model, yielding the
advantage that it is easy to change the suspension system; this is
simply done by changing the constraint equations. Furthermore, it
makes it possible to effortlessly remove and add constraints, which
are used in the wire slackening and tightening modeling. A
disadvantage is that numerical integration errors will accumulate in
the model; this is addressed in this work by the introduction of a
numerical correction scheme.

One of the very first to consider the dynamics of an object being
towed through air was Glauert in 1930 [6], and he discovered the
stability problems involved in such a task. He identified that short
wires and low loadmasswere factors that could lead to instabilities of
the slung-load system. The first study in a complete helicopter slung-
load systemwas performed byLucassen and Sterk [7]. Their analysis
was limited to 3-degrees-of-freedom (DOF) hover and excluded load
aerodynamics, but was nevertheless the first to consider the coupling
between helicopter and slung load. In the following two decades, a
large number of different researchers have considered the stability of
slung-load systems through analytical studies as well as
experimental testing.Almost all studies have focused on determining
a stable region offlightwith respect to slung-load parameters to avoid
instabilities [1–4,8]. Some have analyzed certain parameters such as
the shape of the load itself to reduce instabilities, including
considering different stabilizing implements like gyroscopes, fins,
and drogues [9,10].

Common for most of the models developed in these studies is that
they are somewhat limited and focused directly on stability analysis
in a bounded region. Poli and Cromack presented a 10-state
linearized model, which assumed no coupling of lateral and
longitudinal motion [1]. The model only dealt with single-point
suspension and forward flight, and the study concluded that a long
wire is needed for stability, but it also concluded (contrary to Glauert
[6]) that a low load mass is a requirement for stability. Studies have
shown that it is beneficial to use gyroscopes and fins to stabilize the
load [9]. Experimental tests using forced oscillations in awind tunnel
to obtain stability information have also been performed [10]. The
dynamic and flowfield of the helicopter were ignored and the
conclusionwas that a two-wire suspension system solved someof the
single-wire stability problems.

A more extensive model was developed by Prabhakar in which
Newton–Euler equations were used to describe an inverted-V
suspension system and included a helicoptermodel based on stability
derivatives [2]. Themodel assumed inflexible and inextensible wires
and described the system by a minimal coordinate formulation
constraining the full 12-degrees-of-freedom system to nine. It was
noted that it was difficult to obtain an adequatemodel of yawmotion.

A major work was the Ph.D. thesis by Sampath, who was one of
the first to use a Lagrange formulation that formed a complete set of
12-degrees-of-freedom equations, which included all body-to-body
suspension schemes, like the inverted-V, but not the inverted-Y [3].
Aerodynamic models of both helicopter and load were included as
well as wires implemented as extensible springs with viscous
damping. The possibility of wire slackening was also modeled, but
not wire tightening. A Newtonian approach was applied by Ronen
et al. to develop a full model of single-point suspension systems,
where rotor downwash on the load as well as unsteady aerodynamics
of the load were taken into account [4].

One of the most comprehensive treatments of slung-load
modeling can be found in [5,11], where specific simulation models
for different kinds of single- and multiple-point suspension systems,
as well as multilift systems (more than one helicopter), were
developed. Both suspension systems with elastic and inelastic wires
were treated using an explicit constraint method that separates the
motion due to the wire stretching from the motion due to the coupled

rigid-body dynamics. In a recent publication, the single-point
suspension-type models found in [5] have been implemented and
simulated [12].

For an elaborate survey of the different research in this area, see
Sampath’s thesis [3] where many older references dealing with
different kinds of stability analyses have been treated.

The paper is organized as follows. First, the Udwadia–Kalaba
modeling principle is introduced, and the principle is then used to
derive the actual model. The model is then augmented with wire
slackening and tightening, and, in Sec. V, it is shown how the model
can be used to model multilift systems with multiple helicopters and
loads. Aerodynamic coupling between helicopter and slung load is
introduced into themodel in Sec.VI, and numericalmodel stability is
discussed in Sec. VII. Finally, use of the model is presented through
simulation in Sec. VIII and through flight verification in Sec. IX.

II. Udwadia–Kalaba Equation

Recently, a new perspective on constraint systems yielded a new
principle of dynamic system modeling [13]. The Udwadia–Kalaba
principle is based on Gauss’s principle of least constraint and yields
an explicit equation for calculation of the dynamics. It seems to be
simpler to use than other approaches such as Hamiltonian equations,
but it should be noted that the principles of Lagrange and Udwadia–
Kalaba are equivalent [14].

As a starting point, an unconstrained Newtonian system

M �qu �Q (1)

consisting of a number of rigid bodies with 6-DOF each, is
considered.M 2 Rn�n is the positive definite symmetric generalized
mass matrix, qu 2 Rn is a vector containing the unconstrained
generalized coordinates of the system, and Q 2 Rn is a vector
representing the generalized forces acting on the system. The system
is then subjected to m constraints, which do not need to be
independent and can be either holonomic (position dependent) or
nonholonomic (position and velocity dependent), of the form

g �q; t� � 0; g�q; _q; t� � 0 (2)

where q 2 Rn are the generalized coordinates of the constrained
system. Under the assumption that the constraints are sufficiently
smooth, they can then be differentiated either twice or once,
respectively, to yield

A �q; _q; t� �q� b�q; _q; t� (3)

where A 2 Rm�n is the Jacobian of the constraint function (2) and
b 2 Rm is the acceleration independent part of the constraint
equation. It can be noted that Eq. (3) is equivalent to Eq. (2) when
used together with a set of inertial conditions that satisfy the
constraints.

To transform the original Newtonian system into a constrained
system, Eq. (1) is augmented with a constraint force (Qc 2 Rn)

M �q�Q�Qc (4)

which means that the motion of the constraint system originates both
from the external forces as well as the constraints. Using the
Udwadia–Kalaba equation [13], it is possible to calculate the
constraint forces of Eq. (4) in the following way:

Q c �M1=2�AM�1=2���b �A �qu� (5)

through the use of the Moore–Penrose pseudoinverse (denoted by
�). This yields the following dynamic equation for the constrained
system

�q� �qu �M�1=2�AM�1=2���b �A �qu� (6)
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III. Rigid-Body Modeling

The rigid-body modeling of the entire helicopter/slung-load
system will be done in a similar manner as the usual approach for a
single rigid body, using the Udwadia–Kalaba Eq. (6) to calculate the
acceleration of the system.

The rigid-body model is derived with respect to an inertially fixed
reference frame denoted as the Earth-fixed frame e�	� oriented with
the z axis pointing down, x axis point north, and y axis pointing east.
Body-fixed coordinate systems are defined at the center of mass
(c.m.) for each object present in the system, that is, one for the
helicopter h�	� and one for the slung load l�	�. A generalized body-
fixed frame is denoted as b�	�. All reference frames used are right-
hand Cartesian coordinate systems.

The angular and translational motion of a rigid body can be
described as [15]

b _vb �m�1b bFb � b ~!b
bvb � bab � b ~!b

bvb (7)

b _!b � I�1b b�b � I�1b b ~!bIb
b!b � b�b � I�1b b ~!bIb

b!b (8)

where bab,
b�b are specific applied forces and torques,

bvb is body-
fixed translational velocity, b!b is body-fixed angular velocity, and
Ib is the inertia tensor of the body. Index b is used to indicate a
generic rigid body.

Integration of Eqs. (7) and (8) yields the body velocities, which
can then be transformed into the Earth-fixed frame to be integrated
once more to yield the position and Euler angles

evb � Tebbvb (9)

_� b � T�bb!b (10)

where the transformation matrix Teb: R
3 ! R3 is the orthogonal

transformation that maps from the body to the Earth frame. The
transformation matrix T�b: R

3 ! R3 relates the body angular
velocities to the Euler velocities. This approach is illustrated in Fig. 1
using the generalized coordinates. Because a redundant approach to
the rigid-body modeling is used, the Earth-fixed generalized
coordinates are chosen to be

q �

eRh
�h
eRl
�l

2
664

3
775

12�1

eRb �
exb
eyb
ezb

2
4

3
5 �b �

�b
�b
 b

2
4

3
5 (11)

The body-fixed generalized coordinates then become

_q b �

hvh
h!h
lvl
l!l

2
64

3
75

12�1

bvb �
bvxb
bvyb
bvzb

2
4

3
5 b!b �

b!xb
b!yb
b!zb

2
4

3
5 (12)

A. Constraint Equation

To solve the Udwadia–Kalaba equation in the rigid-bodymodel, it
is necessary to determine the constraints in the form of Eq. (3) (i.e.,
finding A and b), which will be demonstrated in this section. The
general configuration of the slung-load system is illustrated in Fig. 2

where the ith wire is shown. The nominal configuration for the
system is considered to be with a taut wire. The ith wire vector eLi is
given by

eLi � eRh � eRhai � eRl � eRlai

, eLi � eRh � TehhRhai � eRl � TellRlai (13)

that is, a function of the position vectors of the helicopter and the load
(eRh and eRl) as well as the static position vectors describing the
attachment points on the helicopter and the load (hRhai and

lRlai).
To transform this constraint equation into the general form of

Eq. (3), it needs to be differentiated twice. In connection with this, it
is important to note that the wire vector is unknown in this case and it
is therefore desirable to cancel it from the equation. This can be
achieved byworkingwith the norm of eLi instead of the vector itself,
as the length of the wire is constant and will vanish during the
differentiation. This yields

gi�q� � keLik2 �W2
i � �eLi�T�eLi� �W2

i (14)

whereWi is the nominal undeformed, taut length of the wire. In the
following, the notation is now eased by dropping the coordinate
system indices on the position vectors, that is, it is implicit that the
position vector of the ith attachment on the load is given in the load
frame, etc.

To achieve the standard form of Eq. (3), the constraint Eq. (14) is
differentiated twice

_g i�q� � 0� 2 _LTi Li (15)

�g i�q� � 0� 2 �LTi Li � 2 _LTi _Li (16)

where

_L i � _Rh � _Rl � _TehRhai � _TelRlai (17)

�L i � �Rh � �Rl � �TehRhai � �TelRlai (18)

Using the relationship [15]

_Teb � Tebb ~!b )
�Teb � _Teb

b ~!b � Teb
b _~!b � Tebb ~!bb ~!b � Teb

b _~!b (19)

together with Eq. (9), we can express Eq. (17) as

_L i � Tehhvh � Tellvl � Tehh ~!hRhai � Tell ~!lRlai (20)Fig. 1 Rigid-body modeling approach.

Fig. 2 General configuration of the slung-load system shown for the ith
wire.
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Similarly, Eq. (18) can be expressed as

�Li � Tehhah � Tellal � Tehh ~!hh ~!hRhai � Tell ~!ll ~!lRlai

� Teh
h _~!hRhai � Tel

l _~!lRlai � Tehhah � Tellal � Teh ~Rhai
h�h

� Tel ~Rlai
l�l � Tehh ~!hh ~!hRhai � Tell ~!ll ~!lRlai

� Teh ~RhaiI
�1
h
h ~!hIh

h!h � Tel ~RlaiI
�1
h
l ~!l

l!l (21)

using Eqs. (7) and (8).

B. Rigid-Body Model

To identify A and b, Eqs. (20) and (21) are substituted into
Eq. (16), which is rearranged as

�g i � 2LTi

�
Teh

hah � Teh ~Rhai
h�h � Tellal � Tel ~Rlai

l�l

�
� bi

(22)

Ai can thus be identified as

A i � 2LTi Teh Teh ~Rhai �Tel �Tel ~Rlai

� �
3�12 (23)

and bi as

bi ��2 _LTi _Li � 2LTi

�
Teh

h ~!h
h ~!hRhai � Tell ~!ll ~!lRlai

� Teh ~RhaiI
�1
h
h ~!hIh

h!h � Tel ~RlaiI
�1
h
l ~!lIl

l!l

�
(24)

Finally, the full constraint equation of Eq. (3) can be found

A �

A1

A2

..

.

Am

2
6664

3
7775
m�12

b�

b1
b2
..
.

bm

2
6664

3
7775
m�1

�qu �

hah
h�h
lal
l�l

2
664

3
775

12�1

(25)

which can then be inserted into Eq. (6) to yield �q. Using this
expression in Eqs. (7–10), the final model is achieved.

Note that, for a suspension type with only a single attachment
point on the helicopter, themodel will show no coupling between the
yaw motion of the helicopter and the load. This is not an entirely
correct representation, as there is a small coupling present from the
twisting wire. However, this is simply modeled as a small spring
between the yaw angle of the helicopter and the load.

IV. Wire Slackening and Tightening

Wire slackening and tightening is a subject that has not been
researched much in the literature. This is mainly due to the fact that
the slackening and tightening of wires are situations that should
generally be avoided with a slung load. However, there are two good
reasons for incorporating slackening and tightening into the model.

First, it is desirable to avoid wire slackening during flight, and thus it
is necessary to be able to determine when the phenomenon occurs.
Second, during takeoff and landing, tightening and slackening of
wires are unavoidable. In the following, a simple way of
incorporating the ability to handle wire slackening and tightening
into themodelwill be discussed. The situationswith a slack and a taut
wire are illustrated in Fig. 3.

A. Wire Slackening and Tightening Detection

Slackening of wires can be determined by projecting the
generalized constraint forces onto the wires and determining if the
forces acting on thewires are tensioning or compressing. This is done
by first finding the total constraint force acting in the attachment
point, given by Qc. This is then transformed into the Earth-fixed
frame and projected onto a unit wire vector, which yields

Qbwi �NT
i �Teb� ~�bcRbai � Fbc�� (26)

whereQbwi is the constraint force acting on the ith wire from body b
andNi 2 R3 is a unit vector alongLi 2 R3. The constraint forces and
torques for body b, given byQc, are denoted byFbc and �bc. The two
contributions from the helicopter and the load are then subtracted as
Qwi �Qhwi �Qlwi, which makes it possible to determine if the
resulting constraint forces acting on the wire are compressing
(negative) or tensioning (positive).

A tightening of a wire can be determined by observing the norm of
the wire; when it becomes equal to or larger than the nominal length
of the wire, a tightening has occurred. This means that, when the
distance between the attachment points on the helicopter and the load
becomes equal to or longer than the actual wire length, the wire
becomes taut. The slackening and tightening state machine is shown
in Fig. 4.

B. Wire Slackening and Tightening Response

Handling the response of a wire slackening is quite simple,
whereas a tightening response is somewhatmore complicated.When
a slackening has been determined for wire i, this wire is removed
from the constraint equation by setting Ai � 0 and bi � 0.

Any tightening (both elastic and inelastic) can be modeled using
conservation of momentum. The relationship between translational
and angular velocity before and after the impact can be described in
the following way, using the standard relationship between linear

Fig. 3 Situations with a) slack wire and b) taut wire.

Fig. 4 State machine for the wire slackening and tightening

mechanism.
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and angular momentum given by the impulse J of the tightening

h
2vh � h

1vh �m�1h hNiJ (27)

l
2vl � l

1vl �m�1l lNiJ (28)

h
2!h � h

1!h � I�1h � ~Rhai
hNiJ� (29)

l
2!l � l

1!l � I�1l � ~Rlai
lNiJ� (30)

where the situation just before and just after the tightening are
denoted with presubscript 1�	� and 2�	�, respectively.

A perfectly inelastic tightening is characterized by the relative
velocity between the two attachment points projected onto the wire
�evT�eNi� being zero after the tightening. An elastic tightening is
characterized by energy conservation, thus allowing the affected
objects to bounce. Thus, a tightening can be described by

� KeeNT
i
e
1v� � eNT

i
e
2v�

where the elasticity in a tightening is described by a constant Ke.
When Ke � 0, it describes an inelastic tightening, when Ke � 1 it
describes an elastic tightening, and when 0<Ke < 1, it describes a
combination of the two.

The relative velocity of the two attachment points can be described
by the translational and angular velocity of the two bodies

� KeeNT
i
e
1v� � eNT

i

h
Teh

�
h
2vh � h

2 ~!hRhai

�
� Tel

�
l
2vl � l

2 ~!lRlai

�i
(31)

It is now possible to substitute the relations between the velocities
before and after tightening, Eqs. (27–30) into Eq. (31), such that the
equation only depends on velocities before the tightening and the
impulse can be isolated

J� ��1� Ke�eNT
i
e
1v�

�1=mh� � �1=ml� � eNT
i �Teh ~RhaiI

�1
h

~Rhai
hNi � Tel ~RlaiI

�1
l

~Rlai
lNi�J

(32)

By using Eq. (32) to determine the resulting impulse from the
tightening and using this in Eqs. (27–30), it is possible to determine
the tightening response for a wire.

V. Multilift Systems

Multilift systems (where two or more helicopters are used to lift
the load) are of both theoretical and practical interest. From a
practical point of view, there are many situations where there is an
advantage in using two smaller helicopters to lift a load rather than
one large one. From a theoretical point of view, the challenge of
modeling and controlling multilift systems have been the focus of

quite a bit of research during the past decades [5,16]. Multilift
systems are traditionally considered highly complex systems and
often result in correspondingly complex models. Fortunately, the
modeling approach introduced in this paper can easily be extended to
general multilift systems simply by augmenting the equations with
extra bodies. It should be noted that, although the general equations
derived in this section cover l wires for each helicopter and k
helicopters, almost all practical multilift systems use only one wire
for each helicopter, that is, l� k.

In the following, the focus will be on point-to-point dual-lift
suspension systems, like the dual pendant suspension and the straight
dual-lift suspension, although, systems including spreader bars can
easily be modeled by including the bar as an extra body using the
methods presented. A general point-to-point multilift suspension
system is shown in Fig. 5.

To describe the system shown in Fig. 5, the equations derived
previously are simply augmented with the new body in the system:

q �

Rh1
�h1
..
.

Rhk
�hk
Rl
�l

2
6666666664

3
7777777775
n�1

�qu �

h1ah1
h1�h1
..
.

hkahk
hk�hk
lal
l�l

2
6666666664

3
7777777775
n�1

(33)

The constraint Eq. (16) can then be reformulated to encompass
multiple bodies such that the constraint equation describes the ith
wire on the jth body. A and b then become

bji ��2 _LTij _Lij � 2LTij�Tehjhj ~!hjhj ~!hjRhaji � Tell ~!ll ~!lRlaji � Tehj ~RhajiI�1hj hj ~!hjIhjhj!hj � Tel ~RlajiI�1l l ~!lIl
l!l�

A ji � 2LTji 03�nj Tehj Tehj ~Rhaji 03�n�k�j�1� 03�nk �Tel �Tel ~Rlaji
h i

Fig. 5 Configuration of a multilift system with two helicopters shown

with the first and the jth helicopter.
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A �

A11

A12

..

.

Aji

..

.

Akl

2
666666664

3
777777775
kl�n

b�

b11
b12
..
.

bji

..

.

bkl

2
666666664

3
777777775
kl�1

where the jith component of b is equal to the single helicopter case
and where the jith block ofA has zeros on the rows not related to the
jth body.

If the equations for single-lift and multilift systems are compared,
it is clear that the process of augmenting the slung-load model with
additional bodies is indeed simple.

VI. Rotor Downwash Effects on Load

Themodeling of the interaction between load andmain rotor wake
is done using [4] as inspiration. The wake is modeled using two
elliptical cylinders, one to describe the near wake and one for the far
wake. It is assumed that the load is situated far enough downstream to
be in the far wake, and therefore the region between the near and far
wake is not considered here. The direction of the wake near the rotor
is given by the wake-skew angle

�w � arctan

�
��mr
�mr

�
(34)

where�mr �
������������������������������
�2
x � �2

y � �2
z

q
. This angle changes further down the

wake as the inflow velocity changes. Classical momentum theory
predicts a change from vw at the rotor to 2vw in the fully developed
wake when the inflow is assumed uniform and swirl components are
neglected. Given this, a prediction of the wake centerline can be
made. It is assumed that the distance from the rotor to the farwake can
be described as 1:5Rmr [4,17]. In the near wake, the cylinder is
centered around the velocity vector hV0

hV0 � hvw � hV (35)

where hVw is a vector perpendicular to the tip path plane with the
length vw. In the far field, the wake is centered around

hV00 � 2hvw � hV (36)

The position of the far wake starting point is described by the vector
Rfw, which is then given by

hRfw � 1:5Rmr
hV0

jhV0j (37)

as illustrated in Fig. 6.
To calculate the boundaries of the far wake, we use the fact that the

wake has a circular cross section at the tip path plane. Thismeans that
the cross section perpendicular to hV0 is an ellipse with a major and
minor axis radius of

R0ma � Rmr; R0mi � Rmr cos��s� (38)

If we assume that the tube contracts equally along both axes, the
cross section ellipse perpendicular to hV00 in the far wake can be
described by

R00ma � KconR
0
ma; R00mi � KconR

0
mi (39)

where Kcon 2 �0; 1� is the contraction factor.
The continuity equation used in the momentum theory states that

the mass flow is constant throughout the wake and, if we assume
constant pressure both in the near and far wake, the equation is only
dependent on the tube cross section area and velocity. This means
that the contraction of the tube can be calculated as

�R0maR
0
mikhV0k � �R00maR

00
mikhV00k , R0maR

0
mikhV0k

� KconR
0
maKconR

0
mikhV00k , Kcon �

�������������
khV0k
khV00k

s
(40)

A. Load Wake Interaction

The position of the load relative to the beginning of the far wake
can be calculated as

hRwl � The�eRl � hRh� � hRfw , hRwl � hRRl � hRfw (41)

in the helicopter fixed frame. We now introduce a frame which is
fixed in the wake such that the z axis points along V00 and the x axis
points in the opposite direction of V. The Euler angles for the
transformation between the wake frame and the helicopter frame are
then determined as

�w � 0; �w � arccos

0
@

����������������
v2x � v2y

q
����������������������������������������������
�2vw � vz�2 � v2x � v2y

q
1
A

 w � arccos

0
@ vx����������������

v2x � v2y
q

1
A

This can be used to transform the position of the load relative to the
wake into the frame

wRwl � Twh
hRwl (42)

whichmakes it possible to compare it directly to thewake boundaries
found earlier. Using this, the load is then assumed to be inside the
wake when the following condition is true�

xwl
R00mi

�
2

�
�
ywl
R00ma

�
2

< 1 (43)

and outside when false (under the assumption that the load is more
than 1:5Rmr under the helicopter). The preceding can be evaluated by
substituting in Eqs. (38) and (39)�

xwl
KconRmr cos��s�

�
2

�
�

ywl
KconRmr

�
2

< 1 (44)

When the load is inside the wake, the load velocities are augmented
with the following term

Fig. 6 Rotor wake geometry.
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lVwl � TleTeh �
0

0

2vw

2
4

3
5 (45)

which can then be used to calculate the drag on the load. When
outside the wake, only the load velocities are used.

B. Load Aerodynamics

The aerodynamics of the load is highly dependent on the type and
shape of the actual object suspended. In this case, we choose to use a
simple drag-based model, but this can of course be exchanged with
more advanced models for specific objects. The drag forces are
defined along the body coordinate system axis and are assumed to act
in the body center of mass and thus cause no torques. They can be

calculated using the standard quadratic drag function, which
describes the drag as proportional to the speed squared

lFdl ��0:5�
�xlDxljlvxljlvxl
�ylDyljlvyljlvyl
�zlDzljlvzljlvzl

2
4

3
5 (46)

where the load velocity lvl includes the wake velocity of Eq. (45).

Fig. 7 Numerical correction of constraints by inserting a virtual spring

and damper system along the wires. This ensures that integration errors

do not result in an unbounded constraint error.

Fig. 8 Three-dimensional plot of the dual-wire takeoff example with

time line (simulation).

Fig. 9 Helicopter and load wire length and forces during dual-wire takeoff (simulation).
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VII. Numerical Considerations

One of the disadvantages of using a full-state model instead of a
reduced-state model is that numerical integration errors will, over
time, violate the constraints. This is due to the fact that the dynamic
equations ensure that the system obeys the constraints in an
acceleration sense, such that

�g� �qa; �qb; q� � 0 (47)

in accordance with Eq. (3). There is no direct enforcement
of the constraints in a velocity and position sense, and the error on
the constraints can therefore grow unbounded. This means
that the length of the wires will start to drift as the simulation
progresses.

The severity of the problem is highly dependent on the chosen
integration method and step size used in the integration.
Furthermore, the problem can be lessened by using appropriate
coordinates, which reduces the integration errors. In this case,
the absolute position of the slung load could be exchanged with
slung-load position relative to the helicopter, which would
reduce, but not remove, the drift problem. It is a widely recognized
problem in the literature [18] and several different approaches
have been suggested to counter this problem; the most well
known is the method suggested by Baumgarte [19]. However, a
simpler alternative approach will be suggested here, conceived
through a consideration of how the problem affects the system,
using numerical feedback from the constraints in the dynamics
equation.

From a physical point of view, the drifting constraint problem
results in the length of the wires drifting. This means that, when
the wire becomes too long, we should apply a force along it to pull
it back into shape, and vice versa. A simple way of doing this is
to introduce a small virtual spring-damper system in parallel
with each wire, as shown in Fig. 7. The spring will then try to keep
the wire length constant and thus introduce a penalty on the
constraint error. The damper is necessary to reduce numerical
oscillations.

It is important to note that the introduction of the virtual spring-
damper system only exists in simulation, has no actual effect on the
dynamics of the system, and does not make the wires elastic. It is
simply introduced to ensure that integration errors do not result in
drifting wire lengths in the simulation.

The spring force Fs and damper force Fd can be found using the
constraint equation, and the time derivative of it, and projecting
along the wires. This is done as

F si � ksgi�q�Ni (48)

F di ��cd _gi�q�Ni (49)

where ks is the spring constant and cd is the damper constant. The
calculated forces can then be used to calculate the resulting
accelerations which are appended to Eq. (6) as

Fig. 10 Helicopter and load acceleration response during dual-wire takeoff.

Fig. 11 Three-dimensional plotwith time line of the helicopter and load

with the inverted-V suspension system seen in perspective (simulation).

Fig. 12 Top view with time line of the helicopter and load with the

inverted-V suspension system (simulation).
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Fig. 13 Helicopter and load forces during S maneuver with an inverted-V suspension (simulation).

Fig. 14 Helicopter and load acceleration response and control input during S maneuver with an inverted-V suspension (simulation).
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VIII. Simulation

A number of different simulation scenarios are presented here to
illustrate the functionality of themodel. An 18-state helicoptermodel
(not including rigid-body equations) is used together with the slung-
load model. The helicopter model includes second-order actuator
dynamics with saturation, blade element theory for main and tail
rotor forces and torques, flapping dynamics for main rotor and
stabilizer bar, and momentum theory for the inflow model [20,21].

Simulations are performed using MATLAB/Simulink with the
model implemented as C code in S functions. Integration is done
using fourth-order Runge–Kutta with a fixed step size of 0.005 s and
the simulation runs faster than real time on a 2 GHz Pentium 4.

A. Dual-Wire Takeoff Example

To illustrate the modeling of the wire slackening and tightening
phenomena, a takeoff situation is simulated using a dual-wire
suspension. The helicopter is started in hover, 2 m above the 1.5 kg
load, which is on the ground. The length of the wires is set to 3.8 m,
which means that they start out slack. A positive collective pitch and
forward cyclic pitch step is then applied to the helicopter,which starts
to move forward and upward. At time 4.15 and 4.25 s, the two wires
become taut and the load is lifted off the ground, as shown in Fig. 8.

The rear wire tightens first due to the pitching of the helicopter, as
can be seen from the wire length plot in Fig. 9. It shows the direct
distance between the attachment points and when the distance

Fig. 15 Three-dimensional plot with time line of the helicopters and
load in a dual-lift configuration seen in perspective (simulation).

Fig. 16 Helicopter and load response in dual-lift configuration (simulation).
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becomes equal to the taut wire length. The result from this tightening
is clear from the body acceleration plots in Fig. 10, where it can be
seen that the tightening results in a backward pitching (positive) and
downward motion for the helicopter, as well as a forward pitching
(negative) and upward motion for the load. Shortly after the second
wire becomes taut, the pitchingmotions of the load and the helicopter
become aligned, and the load is lifted off the ground.

As the helicopter starts in a trimmed hover state, it is initially not
affected by any resulting force, which can be seen from the
generalized applied forces plot in Fig. 9. From the generalized
constraint force plot, it is clear that no constraint forces are present
when the wires are slack. It can be seen that, when the first wire
becomes taut, it results in a pitching torque as well as forces because
the wire is off-center. However, shortly after, when the second wire
becomes taut, this torque is canceled out.

B. Inverted-V Suspension Example

This example shows the helicopter performing an aggressive S
maneuver with a four-wire inverted-V suspension with two
attachment points on the helicopter. The mass of the load is 3 kg, the
distance between the attachment points on both helicopter and load is
0.4 m, and wire length is 3.8 m. The maneuver is performed by
applying a simple feedback controller to the system and the result is
shown in Figs. 11 and 12.

The system starts from an initial trimmed hover and then performs
first a tight left turn and then a tight right turn. It can be seen how the
load swings out during the turns and drags a little behind the
helicopter due to air drag. To visualize the behavior of the model, the
graphs of Figs. 13 and 14 can be related to the modeling equations.
The body velocity derivatives are given by Eqs. (7) and (8) and the
generalized constraint forces are given by Eq. (5).

By observing Figs. 13 and 14, it can be seen that the system starts
from hover where the thrust force generated by the helicopter must
counter the gravity acting on the load. A commanded motion around

t� 1 s with a longitudinal cyclic pitch change results in the
helicopter tilting and moving forward. This helicopter motion
changes the constraint forces to yield a forward torque on the load
and a backward torque on the helicopter. The left turn is commanded
at t� 5 s and the resulting right banking of the helicopter results in a
counteracting negative constraint torque around the x axis, which
changes to a positive torque when the load starts to swing out to the
left relative to the helicopter. The opposite can be observed during
the right turn at t� 13 s.

C. Twin-Lift Example

This example is used to illustrate how the model can be used for
multilift systems. Two similar helicopters are used to lift a slung load
with a mass of 5 m with the attachment points 3 m apart. The
helicopters are independently controlled using linear feedback with
each controller unaware of both the other helicopter and the load. The
flight is shown in Fig. 15. The helicopters start in hover above the
load and then pick up the load from the ground. They first fly 10 m
forward, then execute a 45 deg right turn, fly 15 m forward, and
finally set down the slung load on the ground.

In Fig. 16, the position and velocity are shown together with
constraint forces and torques. It can be seen that the constraint forces
are zero when the load is on the ground and the load oscillates
underneath the helicopters. On the position plot, the distance
between the helicopters can be seen.

IX. Flight Test Verification

Flight test verification of themodel is presented in this section (see
Fig. 17). The test setup is a modified 14 kg Bergen Industrial Twin
equipped with appropriate sensors, such as a Novatel Global
Positioning System, a HMR2300 magnetometer, a Falcon GX
inertial measurement unit (IMU), and a camera used to determine the
position of the load and yaw angle with respect to the helicopter. All
the sensors are interfaced to the 1.8 GHz onboard laptop computer.
The helicopter is capable of carrying slung loads of up to 4 kg and the
load is equipped with an IMU as well as a laser range finder for
tracking the contours of the ground.

The slung-load model is somewhat difficult to verify reliably
compared to a helicopter stand-alone model. This is due to the fact
that the helicopter’s response to input changes is directly visible on
the state vector without passing through long integrator chains. For
instance, for the lateral cyclic pitch, the response is directly
observable on the roll rate.When looking at the slung-load response,
the input must pass through several rigid-body integrators before
visibly affecting the slung-load motion. The direct input to the rigid-
body model is a force vector. However, it is not possible to extract
this force vector from the measurement data, and we are therefore
limited to use the helicopter model as a force generator. For a lateral

Fig. 17 Aalborg University Bergen Industrial Twin flying with dual-

wire demonstration slung load.

Fig. 18 Three-dimensional plot of the single-wire suspension system

model verification test (with time line).
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motion, the cyclic input becomes the helicopter roll rate, which
integrates to helicopter roll. The helicopter attitude equates to a
translational helicopter acceleration; this again equates to a slung-
load acceleration which is integrated to velocity and position.
Through this long integrator chain, small model errors and external
wind disturbances can result in very large response discrepancies. It
can therefore be difficult to assesswhether themodel provides a good
description of the system.

To help reduce this problem, and for the slung-load model
response to become more clear, we introduce a setup where the
modeled helicopter position and Euler angles are forced to gradually
converge to the estimated position and Euler angles. This means that
the model is aided in following the absolute helicopter motion,
whereas the slung load is allowed to move freely. In a sense, we
create a force generator that, similar to the spring-damper approach
presented in Sec. VII, continuously, but weakly, will attract the
modeled helicopter position to the estimated position. Wemake sure
that the model generates an almost correct unconstrained
acceleration for the helicopter given by Eq. (6). This allows us to
observe whether the slung-load model is capable of filling in the
remaining elements of the model, which are the slung-load forces
like gravity, drag, and, most importantly, the wire constraining
forces.Fig. 20 Three-dimensional plot of dual-wire suspension system model

verification test (with time line).

Fig. 21 Slung-load horizontal velocity model response vs measured response (left). Slung-load attitude rate response vs measured response (right).

Fig. 19 Helicopter horizontal velocity model response (aided) vs measured response (left). Slung-load horizontal velocity model response vs measured

response (right).
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A. Single-Wire Suspension System

In this test, we compare the responses of the model and the real
system during two lateral steps with the single-wire suspension, as
illustrated in Fig. 18. The test was performed using a controller in a
closed loop on the helicopter motion. The two steps are performed as
smooth transitions from hover to hover with a peak helicopter
velocity of 2 m=s. The simulated vs measured helicopter motion is
shown in Fig. 19, and it can be seen that the previously mentioned
attractor is making sure that the modeled response is following the
broad lines of the measured response for the helicopter. On the right
side of Fig. 19, we can see the comparison between measured and
modeled slung-load horizontal velocities, and it is clear that there is
very good agreement between the two. The discrepancies around 15 s
and again around 35 s on the longitudinal slung-load motion
originates from the attitude estimation errors with large roll angles
that are reflected in the mapping of the slung-load position
measurement from the vision system.

B. Dual-Wire Suspension System

Here, the model is validated against data from a test flight with the
dual-wire suspension system. The flight consists of the helicopter
flying in a square, as illustrated in Fig. 20 with both modeled and
measured slung-load position plotted. Figure 21 shows a comparison
betweenmodeled andmeasured slung-load translational and rotation
velocities. It can be seen that the model has captured the general
motion response of the system well, but, naturally, the position
discrepancies grow with time as the errors are integrated.

X. Conclusions

In this paper, a generic slung-loadmodelwas presented, capable of
modeling all body-to-body suspension types. Themodelwas derived
using the Udwadia–Kalaba equation and a redundant coordinate
formulation in which the wires were inserted as acceleration
constraints. The model was augmented with the ability to detect and
respond to the slackening and tightening of wires in a dynamic way,
using simple impulse based tightening theory. Furthermore, it was
shown how the model could easily be extended to include multilift
systems in a generic way for multiple helicopters and loads. The
aerodynamic coupling between the helicopter and the load was
introduced into the model by calculating the rotor downwash affect
on the load. A simple numerical correction scheme was derived for
use with the redundant coordinate model. Through two examples, a
few of the abilities of themodel were shown, both its ability tomodel
different suspension systems and its ability to handle transitions
between slack and taut wires. The model was successfully verified
against flight data using two different suspension systems.
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